Supplementary Material for:
Nonlinear harmonic wave manipulation in nonlinear scattering
medium via scattering-matrix method

Fengchao Ni,»" Haigang Liu,»" Yuanlin Zheng,>" Xianfeng Chen®"%"

aState Key Laboratory of Advanced Optical Communication Systems and Networks, School of Physics and
Astronomy, Shanghai Jiao Tong University, Shanghai 200240, China

"Shanghai Research Center for Quantum Sciences, Shanghai 201315, China

¢Collaborative Innovation Center of Light Manipulations and Applications, Shandong Normal University, Jinan
250358, China

Keywords: scattering matrix, wavefront shaping, nonlinear scattering medium, nonlinear signal manipulation.

*Yuanlin Zheng, E-mail: ylzheng@sjtu.edu.cn; Xianfeng Chen, E-mail: xfchen@sjtu.edu.cn
"These authors contributed equally to this work

1  Principle of the measuring scattering matrix of nonlinear scattering medium

In the linear scattering media and monochromatic case, the output field of the scattering medium

is related to the input field through an matrix (K), which can be written as:?!

E"ut Z k Eln where E:,m(a’) and E, (a)) are the complex amplitudes of the mth
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output mode and nth input mode, respectively. &, is the matrix element and connects the input
and output mode. Once the scattering process above involves a nonlinear process, the whole
system will become more complicated. For a second-order nonlinear scattering medium, the
nonlinear output field in the direction of backscattering and the input field can be connected

through a scattering matrix (SM) K™, which is a 3-rank tensor and can be expressed as:
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where E2 (o, +,), E,' (@) and E"(@,) are the complex amplitudes of the mth nonlinear output

mode, nth and oth input modes with frequency wi+wz, w1 and w, respectively. k- is the SM
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KNt element and connects the linear input mode and nonlinear output mode. The SM K™ contains
the information of the generation and scattering process of nonlinear signals in the scattering
medium. The above relationship is suitable for describing the second-order nonlinear processes
that occur in the nonlinear scattering medium, such as second-harmonic generation (SHG), sum-
frequency generation (SFG), and difference-frequency generation (DFG). In our experiment, we
consider the SFG process and choose lithium niobate (LN) powder as the nonlinear scattering
medium without loss of generality. The maximum size of the LN particle is much smaller than the
coherent length /. in a LN crystal, which means that every single LN particle can be seen as a

nonlinear source® and each LN particle can be considered as a microcrystallite with random y®

domain distribution. If we only modulate the input light field £"(®,) and keep the other input

field E" ( ) fixed, the relationship between the output nonlinear signal and the input signals can

be reduced to:
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We can further measure the SM of the nonlinear scattering medium using full-field

interferometry method. For all input mode of E"(&,), if the relative phases are all shifted by a
value a, the intensity of the mth output mode can be written as:

Il (o +w,)=E)" (0 + o, )‘2
=ls, + > €k E" (@) E)' (a)z)‘2 (S3)

=|s,| +\Z “kNE" (o E'“(a)z)‘ +2Re[s, Y ¢l E" () E (o) ].

Where s, is the complex amplitude of the nonlinear output field used as reference in the mth

output mode generated by input field £" (,) and the unmodulated field of £" (@,) via SFG

process. Thus, four phase steps for a =0, /2, © and 3n/2 are used and we can get that:
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After completing all the 4N measurement, we can obtain M X N elements of the SM K™ and
nonlinear focal spot can be achieved via appropriate wavefront shaping of the input field £" (w, )

according to optical phase conjugation.

2 Measurement of the transport mean free path of the LN powder

The fundamental parameter in the light diffusion model is the transport mean free path (TMFP),
corresponding to the distance light travels in the medium before its direction is randomized. The
TMEP of the scattering medium can be measured by coherent backscattering method.**4?

The measurement of TMFP /; has been performed with the experimental setup shown in Fig.
S1(a). A continuous wave (CW) laser with wavelength A =450 nm is used as the light source. A
half-wave plate (HWP) after the laser is used to adjust the polarization of the laser beam. Then the
laser beam is expanded by passing through a pair of expander lens L1 (fi = 50 mm) and L2 (> =
200 mm). A modified Michelson interferometer was employed to detect the backscattered intensity.
The CW laser is incident on the scattering medium, and the backscattered light is reflected by the
BS and then passes through the lens L3 (/3 = 50 mm), and is collected by the CCD. It should be
noted that the scattering medium needs to be tilted slightly to reduce the interference of single
scattered photons (ballistic photons) with the experimental results. Fig. S1(b) shows the intensity
cross-sections of the back-scattering cone recorded by CCD, and Fig. S1(c) shows the Gaussian
fit to the data of Fig. S1(b) with full width at half maximum of A8 = 14.7 mrad. The TMFP can be

calculated by:*

AO=—"2 (S5)



Where 4 is the wavelength of the laser. The TMFP of the LN powder we used in the experiment is
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Fig. S1 (a) Experimental setup used for the measurement of TMFP. HWP, half wavelength plate; L1~3, lens, fi.3 = 50,

200, and 50 mm; BS, beam splitter. (b) The intensity cross-sections of the back-scattering cone recorded by CCD. (c)

The Gaussian fit to the data of (b).
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